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Nonlinear phenomena exist in all areas of science and engi-
neering, such as ﬂuid mechanics, plasma physics, optical ﬁbers,
biology, solid state physics, chemical kinematics, chemicalphysics and so on. It is well known that many NLEEs are
widely used to describe these complex physical phenomena.
Therefore, research to look for exact solutions of NLEEs is ex-
tremely crucial. So, to ﬁnd effective methods to discover ana-
lytic and numerical solutions of nonlinear equations have
drawn an abundance of interest by a diverse group of research-
ers. Accordingly, they established many powerful and efﬁcient
methods and techniques to explore the exact traveling wave
solutions of nonlinear physical phenomena, such as, the Hiro-
ta’s bilinear transformation method (Hirota, 1973; Hirota and
Satsuma, 1981), the tanh-function method (Malﬂiet, 1992;
Nassar et al., 2011), the (G0/G)-expansion method (Wang
et al., 2008; Zayed, 2010; Zayed and Gepreel, 2009; Akbar
et al., 2012a,b,c,d; Akbar and Ali, 2011a; Shehata, 2010), the
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2011b; Naher et al., 2011, 2012), the homogeneous balance
method (Wang, 1995; Zayed et al., 2004), the F-expansion
method (Zhou et al., 2003), the Adomian decomposition meth-
od (Adomian, 1994), the homotopy perturbation method
(Mohiud-Din, 2007), the extended tanh-method (Abdou,
2007; Fan, 2000), the auxiliary equation method (Sirendaoreji,
2004), the Jacobi elliptic function method (Ali, 2011), Weierst-
rass elliptic function method (Liang et al., 2011), modiﬁed
Exp-function method (He et al., 2012), the modiﬁed simple
equation method (Jawad et al., 2010; Zayed, 2011a, Zayed
and Ibrahim, 2012; Zayed and Arnous, 2012), the extended
multiple Riccati equations expansion method (Gepreel and
Shehata, 2012; Gepreel, 2011a; Zayed and Gepreel, 2011)
and others (Gepreel, 2011b,c).
The objective of this article is to look for new study relating
to the MSE method to examine exact solutions to the cele-
brated (2+1)-dimensional cKG equation and the (3+1)-
dimensional ZK equations to establish the advantages and
effectiveness of the method. The cKG equation is used to mod-
el many different nonlinear phenomena, including the propa-
gation of dislocation in crystals and the behavior of
elementary particles and the propagation of ﬂuxions in Joseph-
son junctions. The (3+1)-dimensional Zakharov–Kuznetsov
equation describes weakly nonlinear wave process in dispersive
and isotropic media e.g., waves in magnetized plasma or water
waves in shear ﬂows.
The article is organized as follows: In Section 2, the MSE
method is discussed. In Section 3 we exert this method to the
nonlinear evolution equations pointed out above, in Section 4
physical explanation, in Section 5 comparisons and in Section 6
conclusions are given.2. The MSE method
Suppose the nonlinear evolution equation is in the form,
Fðu; ut; ux; uy; uz; uxx; utt; . . .Þ ¼ 0; ð2:1Þ
where F is a polynomial of u(x,y,z, t) and its partial derivatives
wherein the highest order derivatives and nonlinear terms are
involved. The main steps of the MSE method (Jawad et al.,
2010; Zayed, 2011a; Zayed and Ibrahim, 2012; Zayed and Ar-
nous, 2012) are as follows:
Step 1: The traveling wave transformation,
uðx; y; z; tÞ ¼ uðnÞ; n ¼ xþ yþ z kt ð2:2Þ
allows us to reduce Eq. (2.1) into the following ordinary differ-
ential equation (ODE):
Pðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ
where P is a polynomial in u(n) and its derivatives, while
u0ðnÞ ¼ du
dn.
Step 2: We suppose that Eq. (2.3) has the solution in the
form
uðnÞ ¼
Xn
i¼0
Ci
/0ðnÞ
/ðnÞ
 i
; ð2:4Þwhere Ci(i= 0, 1, 2, 3,. . .) are arbitrary constants to be deter-
mined, such that Cn „ 0 and /(n) is an unspeciﬁed function to
be found out afterward.
Step 3: We determine the positive integer n appearing in Eq.
(2.4) by considering the homogeneous balance between the
highest order derivatives and the highest order nonlinear
terms come out in Eq. (2.3).
Step 4: We substitute Eq. (2.4) into (2.3) and then we
account the function /(n). As a result of this substitution,
we get a polynomial of (/0(n)//(n)) and its derivatives. In
this polynomial, we equate the coefﬁcients of same power
of /j(n) to zero, where jP 0. This procedure yields a sys-
tem of equations which can be solved to ﬁnd Ci,/(n) and /
0(n). Then the substitution of the values of Ci, /(n) and /0(n)
into Eq. (2.4) completes the determination of exact solu-
tions of Eq. (2.1).
3. Applications
3.1. The (2+1)-dimensional cubic Klein–Gordon (cKG)
equation
In this sub-section, ﬁrst we will exert the MSE method to ﬁnd
the exact solutions and solitary wave solutions of the cele-
brated (2+1)-dimensional cKG equation,
uxx þ uyy  utt þ auþ bu3 ¼ 0 ð3:1Þ
where a and b are non zero constants.
The traveling wave transformation
u ¼ uðx; y; tÞ; n ¼ xþ y kt; uðx; y; tÞ ¼ uðnÞ; ð3:2Þ
transforms the Eq. (3.1) to the following ODE:
ð2 k2Þu00 þ auþ bu3 ¼ 0: ð3:3Þ
Balancing the highest order derivative and nonlinear term of
the highest order, yields n= 1.
Thus, the solution Eq. (2.4) takes the form,
uðnÞ ¼ C0 þ C1 /0ðnÞ/ðnÞ
 
; ð3:4Þ
where C0 and C1 are constants such that C1 „ 0, and /(n) is an
unspeciﬁed function to be determined. It is simple to calculate
that
u0 ¼ C1 /00/ 
/0
/
 2 !
; ð3:5Þ
u00 ¼ C1 /000/
 
 3C1 /00/0
/2
 
þ 2C1 /0/
 3
; ð3:6Þ
u3 ¼ C31
/0
/
 3
þ 3C21C0
/0
/
 2
þ 3C1C20
/0
/
 
þ C30: ð3:7Þ
Substituting the values of u, u00, and u3 into Eq. (3.3) and
equating the coefﬁcients of /0,/1,/2,/3 to zero, yields
aC0 þ bC30 ¼ 0: ð3:8Þ
ðk2  2Þ/000  aþ 3bC20
 
/0 ¼ 0; ð3:9Þ
ðk2  2Þ/00 þ bC0C1/0 ¼ 0; ð3:10Þ
bC31  2ðk2  2ÞC1
 ð/0Þ3 ¼ 0: ð3:11Þ
Solving Eq. (3.8), we obtain
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
:
And solving Eq. (3.11), we obtain
C1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðk2  2Þ
b
 s
; since C1–0:
Case-I: When C0 = 0, we obtain trivial solution, therefore
the case is rejected.
Case-II: When C0 ¼ I
ﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 r
, Eqs. (3.9) and (3.10) yield
/000
/00 þ l ¼ 0; ð3:12Þ
where l ¼ aþ3bC20bC0C1
Integrating, Eq. (3.12) with respect to n, we obtain
/00ðnÞ ¼ a1 expðlnÞ ð3:13Þ
Using Eq. (3.13), from Eq. (3.10), we obtain
/0ðnÞ ¼ a1ðk
2  2Þ expðlnÞ
bC0C1
: ð3:14Þ
Upon integration, we obtain
/ðnÞ ¼ a2 þ a1ðk
2  2Þ expðlnÞ
aþ 3bC20
: ð3:15Þ
where a1 and a2 are constants of integration. Therefore, the ex-
act solution of the cKG Eq. (3.1) is
uðnÞ ¼ C0 
aþ 3bC20
 
bC0
 a1ðk
2  2Þ expðlnÞ
a2 aþ 3bC20
 þ a1ðk2  2Þ expðlnÞ : ð3:16Þ
Substituting the values of C0, C1, and l and simplifying, we
obtain
uðnÞ¼I

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
1
2a1ðk22Þ cosh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk22Þ
 r
n
 
þ sinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk22Þ
 r
n
 	 

ða1ðk22Þ2a2aÞcosh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk22Þ
 r
n
 
þða1ðk22Þþ2a2aÞsinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk22Þ
 r
n
 
0
BBB@
1
CCCA;
ð3:17Þ
where n= x+ y  kt.
We can arbitrarily choose the parameters a1 and a2. There-
fore, if we set a1 ¼ 2a2ak22, Eq. (3.17) reduces to:
u1;2ðx; y; tÞ ¼ I
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
 coth
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk2  2Þ
 s
ðxþ y ktÞ
 !
: ð3:18Þ
Again if we set a1 ¼  2a2ak22, Eq. (3.17) reduces to:
u3;4ðx; y; tÞ ¼ I
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
 tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk2  2Þ
 s
ðxþ y ktÞ
 !
: ð3:19ÞUsing hyperbolic function identities, from Eqs. (3.18) and
(3.19), we obtain the following periodic solutions
u5;6ðx; y; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
 cot
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk2  2Þ
 s
ðxþ y ktÞ
 !
: ð3:20Þ
And
u7;8ðx; y; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
 tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðk2  2Þ
 s
ðxþ y ktÞ
 !
: ð3:21Þ
Remark 1. Solutions (3.16)–(3.21) have been veriﬁed by
substituting them back into the original equation and found
correct.3.2. The (3+1)-dimensional Zakharov–Kuznetsov (ZK)
equation
Now we will study the MSE method to ﬁnd exact solutions and
then the solitary wave solutions to the (3+1)-dimensional ZK
equation
ut þ auux þ uxx þ uyy þ uzz ¼ 0; ð3:22Þ
where
u ¼ uðx; y; z; tÞ; n ¼ xþ yþ z kt; uðx; y; z; tÞ ¼ uðnÞ: ð3:23Þ
The traveling wave transformation (3.23) reduces to Eq. (3.22)
to the following ODE:
ku0 þ auu0 þ 3u00 ¼ 0: ð3:24Þ
Integrating Eq. (3.24) with respect to n, we obtain
kuþ 1
2
au2 þ 3u0 ¼ 0: ð3:25Þ
Balancing the highest order derivative u0 and nonlinear term
u2, we obtain 2n= n+ 1, which gives n= 1.
Therefore, the solution (2.4) takes the form
uðnÞ ¼ C0 þ C1 /0/
 
; ð3:26Þ
where C0 and C1 are constants such that C1 „ 0, and /(n) is an
unstipulated function to be determined. It is easy to make out
that
u0 ¼ C1 /00/ 
/0
/
 2 !
; ð3:27Þ
u2 ¼ C20 þ 2C0C1
/0
/
 
þ C21
/0
/
 2
: ð3:28Þ
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(3.28) into Eq. (3.25) and then equating the coefﬁcients of /0,
/1, and /2 to zero, we respectively obtain
 kC0 þ 1
2
aC20 ¼ 0; ð3:29Þ
3C1/00 þ C1ðaC0  kÞ/0 ¼ 0; ð3:30Þ
1
2
aC21  3C1
 
ð/0Þ2 ¼ 0: ð3:31Þ
From Eq. (3.29), we obtain
C0 ¼ 0; 2k
a
:
And from Eq. (3.31), we obtain
C1 ¼ 6
a
; since C1–0:
Case-I: When C0 = 0 Eqs. (3.30) yield
/00
/0 ¼
k
3
: ð3:32Þ
Integrating Eq. (3.32), we obtain
/0ðnÞ ¼ a1 exp k
3
n
 
; ð3:33Þ
where a1 is a constant of integration.
Integrating (3.33) with respect to n, we obtain
/ðnÞ ¼ a2 þ 3a1k exp
k
3
n
 
; ð3:34Þ
where a2 is a constant of integration.
Therefore, the exact solution of the (3+1)-dimensional ZK
equation (3.22) is
uðnÞ ¼ C0 þ C1
ka1 exp k3 n
 
ka2 þ 3a1 exp k3 n
 
 !
: ð3:35Þ
Substituting the values of C0 and C1 into Eq. (3.35) and simpli-
fying, we obtain
uðnÞ ¼ 2
a
3ka1 cosh k6 n
 þ sinh k
6
n
  
ð3a1 þ ka2Þ cosh k6 n
 þ ð3a1  ka2Þ sinh k6 n 
 !
;
ð3:36Þ
where n= x+ y+ z  kt.
We can randomly choose the parameters a1 and a2. Setting
a1 ¼ ka23 , Eq. (3.36) reduces to:
u1ðx; y; z; tÞ ¼ k
a
1þ tanh k
6
ðxþ yþ z ktÞ
  
: ð3:37Þ
Again setting a1 ¼  ka23 Eq. (3.36) reduces to:
u2ðx; y; z; tÞ ¼ k
a
1þ coth k
6
ðxþ yþ z ktÞ
  
: ð3:38Þ
Case-II: When C0 ¼ 2ka , from Eq. (3.30), executing the par-
allel course of action which described in Case-I, we obtainu3ðnÞ ¼ 2k
a
1þ 3a1 1 tanh
k
3
n
  
ka2sech k3 n
  3a1 1 tanh k3 n  
 !
; ð3:39Þ
where n= x+ y+ z  kt.
Remark 2. Solutions 3.35, (3.36)–(3.39) have been checked by
substituting them back into the original equation and found
correct.4. Physical explanations
In this section, physical explanations of the determined solu-
tions are illustrated to show the effectiveness and convenience
of the MSE method for seeking exact solitary wave solution
and periodic traveling wave solution of nonlinear wave equa-
tions named (2+1)-dimensional cKG equation and the
(3+1)-dimensional ZK equation.
4.1. Explanations
4.1.1. The (2+1)-dimensional cubic Klein–Gordon (cKG)
equation
The wave speed k and the nonzero constants a, and b play an
important role in the physical structure of the solutions ob-
tained in Eqs. (3.18)–(3.21). Now we will discuss the physical
structure of Eqs. (3.18) and (3.19). For different values of k,
a and b the following cases arise in Eqs. (3.18) and (3.19):
(i) In Eqs. (3.18)–(3.21), the wave speed k– ﬃﬃﬃﬃﬃﬃð2Þp or
k „ 0.
(ii) If  ﬃﬃﬃ2p < k < ﬃﬃﬃ2p and a> 0, b> 0 then from Eqs.
(3.18) and (3.19) we get complex soliton solutions.
(iii) If  ﬃﬃﬃ2p < k < ﬃﬃﬃ2p and a< 0, b< 0 then Eqs. (3.18) and
(3.19) turn into Eqs. (3.20) and (3.21) respectively, i.e.,
they provide plane periodic solutions.
(iv) If  ﬃﬃﬃ2p < k < ﬃﬃﬃ2p and a< 0, b> 0 then Eqs. (3.18) and
(3.19) give complex periodic solutions.
(v) If  ﬃﬃﬃ2p < k < ﬃﬃﬃ2p and a> 0, b < 0 then Eq. (3.18) fab-
ricates singular kink solution and Eq. (3.19) furnishes
kink solutions.
(vi) If k <  ﬃﬃﬃ2p or k > ﬃﬃﬃ2p and a> 0, b> 0 then Eqs. (3.18)
and (3.19) turn into Eqs. (3.20) and (3.21) respectively,
i.e., they provide plane periodic solutions.
(vii) If k <  ﬃﬃﬃ2p or k > ﬃﬃﬃ2p and a< 0, b< 0 then Eqs. (3.18)
and (3.19) donate complex solitons.
(viii) If k <  ﬃﬃﬃ2p or k > ﬃﬃﬃ2p and a< 0, b> 0 then Eq. (3.18)
constructs singular kink solution and Eq. (3.19) assem-
bles kink solutions.
(ix) If k <  ﬃﬃﬃ2p or k > ﬃﬃﬃ2p and a> 0, b< 0 then Eqs. (3.18)
and (3.19) represent complex periodic solutions.
4.1.2. The (3+1)-dimensional Zakharov–Kuznetsov (ZK)
equation
The wave speed k and the nonzero constant a play a signiﬁcant
role in the physical structure of the solutions obtained in Eqs.
(3.37)–(3.39). For different values of k and a the following
cases arise in Eqs. (3.37)–(3.39):
Figure 2 The shape of Eq. (3.19) with
y= 0,k= 2,a= 1,b= 2 and 10 6 x,t 6 10.
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k and a Eq. (3.37) produce kink solutions and Eq. (3.38)
construct singular kink solutions.
(ii) If k< 0 and a< 0 or a> 0 then Eq. (3.39) provides
singular soliton solutions.
(iii) If k> 0 and a> 0 then Eq. (3.39) provides soliton
solutions.
(iv) If k> 0 and a< 0 then Eq. (3.39) provides kink wave
solutions.
(v) In Eq. (3.39) a1,a2 „ 0.
4.2. Graphical representation
Some of our obtained traveling wave solutions are represented
in the following ﬁgures via symbolic computation software
Maple with explanations:
The solution Eq. (3.18) that comes inﬁnity as in trigonom-
etry, is Singular kink solution. Fig. 1 shows the shape of the
exact singular kink-type solution of the (2+1)-dimensional
cKG Eq. (3.1) (only shows the shape of Eq. (3.18) with wave
speed k= 1, y= 2,a= 1, b= 1 and 10 6 x,t 6 10).
The solution Eq. (3.19) is called the kink solution. Fig. 2
shows the shape of the exact kink-type solution of the
(2+1)-dimensional cKG Eq. (3.1) (only shows the shape of
Eq. (3.19) with wave speed k= 2, y= 0,a= 1, b= 2 and
10 6 x,t 6 10)). The disturbance represented by u(x,y,t) is
moving in the positive x-direction. If we take wave speed
k< 0, then the propagation will be in the negative x-direction.
Eqs. (3.20) and (3.21) are the exact periodic traveling wave
solutions of the (2+1)-dimensional cKG Eq. (3.1), shapes are
represented in Figs. 3 and 4, respectively. Fig. 3 shows the
shape of Eq. (3.20) with wave speed k= 2, y= 2,
a= 0.50,b= 1 in the interval 10 6 x,t 6 10 and Fig. 4
shows the shape of Eq. (3.21) with wave speed k= 2,
y= 0,a= 1,b= 2 in the interval  10 6 x,t 6 10. The Eq.
(3.20) is singular periodic traveling wave solution and Eq.
(3.21) is periodic traveling wave solution.
The solution Eqs. (3.37) and (3.39) are the kink solutions.
Figs. 5 and 7 show the shape of the exact kink-type solutionFigure 1 The shape of Eq. (3.18) with y = 2, k= 1, a= 1,
b= 1 and 10 6 x,t 6 10.
Figure 3 The shape of Eq. (3.20) with k= 2, y= 2, a= 0.5,
b= 1 and 10 6 x,t 6 10.of the (3+1)-dimensional ZK Eq. (3.22) (only show the shape
of Eq. (3.37) with wave speed k= 2,a= 1, y= z= 0 in the
interval 10 6 x, t 6 10 and Eq. (3.39) with wave speed
k= 1, a= 1, a1 = 1, a2 = 1, y= 1,z= 1 in the interval
10 6 x, t 6 10 respectively. The disturbance with y= z= 0
represented by u(x, y, z, t) is moving in the positive x-direction.
If we take wave speed k< 0 the propagation will be in the neg-
ative x-direction. These types of waves are traveling waves
whose evolution from one asymptotical state at nﬁ 1 to
other asymptotical state at nﬁ1.
The solution Eq. (3.38) that comes inﬁnity, is singular kink
wave solution. Fig. 6 shows the shape of the exact singular
kink-type solution of the (3+1)-dimensional ZK Eq. (3.22)
(only shows the shape of Eq. (3.38) with wave speed k= 3,
a= 1, y= 1, z= 2 and 10 6 x, t 6 10) (see Fig. 7).
Figure 4 The shape of Eq. (3.21) with k= 2, y= 0, a= 1,
b= 2 and 10 6 x,t 6 10.
Figure 5 The shape of Eq. (3.37) with k= 2, a= 1, y= z= 0,
10 6 x,t 6 10.
Figure 6 The shape of Eq. (3.38) with k= 1, a= 1, y= 1,
z= 2 and 10 6 x,t 6 10.
Figure 7 The shape of Eq. (3.39) with k= 1, a= 1, a1 = 1,
a2 = 1, y= z= 1, 10 6 x,t 6 10.
Exact solutions of the (2+1)-dimensional cubic Klein–Gordon equation 795. Comparison
Zayed (2011b) studied solutions of the (2+1)-dimensional
cKG equation using the (G0/G)-expansion method combined
with the Riccati equation. The solutions of the (2+1)-dimen-
sional cKG equation obtained by MSE method are different
from those of the (G0/G)-expansion method combined with
the Riccati equation (see Appendix). Comparing the MSE
method with the (G0/G)-expansion method we might conclude
that the exact solutions have investigated using the (G0/G)-
expansion method with the help of the symbolic computation
software, such as, Mathematica, Maple, to facilitate the com-
plex algebraic computations. On the other hand via the MSE
method the exact solutions to these equations have been
achieved without using any symbolic computation software be-
cause the method is very simple and easy for computations.Moreover, in Exp-function method, tanh function method, Ja-
cobi elliptic function method, (G0/G)-expansion method, etc., /
(n) is a pre-deﬁned function or solution of a pre-deﬁned differ-
ential equation. But, since in the MSE method / (n) is not pre-
deﬁned or not solution of any pre-deﬁned equation, some fresh
solutions might be found. Consequently, much new and more
general exact solutions of the (2+1)-dimensional cKG equa-
tion can be obtained by means of the MSE method with less
effort.
6. Conclusions
In this article, we have found the traveling wave solutions of
the (2+1)-dimensional cubic Klein–Gordon (cKG) equation
80 K. Khan, M.A. Akbarand (3+1)-dimensional Zakharov–Kuznetsov (ZK) equation
using the MSE method. These traveling wave solutions are ex-
pressed in terms of hyperbolic, and trigonometric functions
involving arbitrary parameters. When these parameters are ta-
ken special values, the solitary waves are originated from the
traveling waves. Compared to the methods used before, one
can see that this method is direct, concise and effective. This
method can also be used to many other nonlinear equations.
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suggestions.Appendix A. Zayed (2011b) studied solutions of the (2+1)-
dimensional cKG equation using the (G0/G)-expansion method
and achieved the following calculations and exact solutions:G1 2a1A
2Bð2 V2Þ þ aa1Aþ 3ba31A2Bþ 3ba20a1A
 
þ G 2a1AB2ð2 V2Þ þ aa1Bþ 3Bba20a1 þ 3ba31AB2
 
þ G2 3A2ba21a0
 þ G2½3B2ba21a0
þ G3 ba31B3 þ 2a1B3ð2 V2Þ
 þ G3 ba31A3 þ 2a1A3ð2 V2Þ 
þ aa0 þ ba30 ¼ 0: ð34Þ
Consequently the following algebraic equations
2a1A
2Bð2 V2Þ þ aa1Aþ 3ba31A2Bþ 3ba20a1A ¼ 0;
2a1AB
2ð2 V2Þ þ aa1Bþ 3Bba20a1 þ 3ba31AB2 ¼ 0;
3A2ba21a0 ¼ 0;
3B2ba21a0 ¼ 0;
ba31B
3 þ 2a1B3ð2 V2Þ ¼ 0;
ba31A
3 þ 2a1A3ð2 V2Þ ¼ 0;
aa0 þ ba30 ¼ 0: ð35Þ
Which can be solved to get
a1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2bAB
r
; a0 ¼ 0; V ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 a
4AB
r
: ð36Þ
Substituting (3.36) into (3.4) yields
uðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2bAB
r
G0
G
 
; ð37Þ
where
n ¼ xþ y t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 a
4AB
r
: ð38Þ
According to general solutions of the Riccati equations, he
(Zayed, 2011b) got the following families of exact solutions:
Family 1. If A ¼ 1
2
;B ¼  1
2
, then
uðnÞ ¼ 
ﬃﬃﬃﬃﬃ
2a
b
s
isechn; ð39Þ
Or
uðnÞ ¼ 
ﬃﬃﬃﬃﬃ
2a
b
s
cschn; ð40Þ
where n ¼ xþ y t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2þ ap .Family 2. If A ¼ B ¼  i
2
, then
uðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a
b
s
sec n; ð41Þ
Or
uðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a
b
s
cscn; ð42Þ
where n ¼ xþ y t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2þ ap .
Family 3. If A= 1,B= 1, then
uðnÞ ¼ 
ﬃﬃﬃﬃﬃ
a
2b
r
ðcoth n tanh nÞ; ð43Þ
where n ¼ xþ y t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2þ a
4
p
.
Family 4. If A= B= 1, then
uðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃa
2b
r
ðcot nþ tan nÞ; ð44Þ
where n ¼ xþ y t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2 a
4
p
.
The general solutions of the Riccati equations G0(n) =
A+ BG2 are well known which are listed in the following
table:A B The solution G(n)
1
2  12 tanhn isechn; cothn cschn; tanh n2 ; coth n2
 12  12 secn tann; tan n2 ; cot n2 ;ðcscn cotnÞ
1 1 tanhn, cothn
1 1 tann,  cotn
0 „0  1Bnþc1, where c1 is an arbitrary constant.References
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